Abstract. We consider the question of when a rational homology 3-sphere is rational homology cobordant to a connected sum of lens spaces. We prove that every rational homology cobordism class in the subgroup generated by lens spaces is represented by a unique connected sum of lens spaces whose first homology embeds in any other element in the same class. As a first consequence, we show that several natural maps to the rational homology cobordism group have infinite rank cokernels. Further consequences include a divisibility condition between the determinants of a connected sum of 2-bridge knots and any other knot in the same concordance class. Lastly, we use knot Floer homology combined with our main result to obstruct Dehn surgeries on knots from being rationally cobordant to lens spaces.
Introduction
For any abelian group R, a smooth, closed, oriented, and connected 3-manifold Y such that H * (Y ; R) ∼ = H * (S 3 ; R) is called a R-homology sphere. A smooth, compact, oriented, and connected 4-manifold X such that H * (X; R) ∼ = H * (B 4 ; R) is called a Rhomology ball. The equivalence relation given by smooth R-homology cobordism on the set of R-homology spheres produces a group structure induced by connected sum on the equivalence classes. This group, denoted by Θ 3 R , is the 3-dimensional R-homology cobordism group. Note that a R-homology sphere represents the trivial class if and only if it bounds an R-homology ball. We denote by L the subgroup of Θ 3 Q generated by lens spaces.
Our goal is to give constraints for Q-homology spheres to be contained in L. These constraints, together with results on the structure of L from [Lis07a, Lis07b] , lead to various consequences on the structure of Θ 3 Q and its relation with Θ 3 Z and Θ 3 Zp for p prime. Theorem 1.1. Any class in L contains a connected sum of lens spaces L such that if Y is Q-homology cobordant to L, then there is an injection H 1 (L; Z) ֒→ H 1 (Y ; Z).
Moreover, as a connected sum of lens spaces L is uniquely determined up to orientation preserving diffeomorphism.
The proof relies on Donaldson's diagonalization theorem [Don87] , and uses latticetheoretic arguments. More specifically, our technical analysis will make use of several results from [Lis07a, Lis07b] . We remark that, given any class in L, the unique representative identified in Theorem 1.1 can be determined explicitly (see Definition 2.2 and Theorem 2.8).
Note that Z-homology spheres and Z p -homology spheres are Q-homology spheres, and Z-homology balls and Z p -homology balls are also Q-homology balls. Hence there are natural maps ψ : Θ 3 Z → Θ 3 Q and ψ p : Θ 3 Zp → Θ 3 Q . It is an interesting problem to understand the properties of these maps. It was first shown by S. Kim and Livingston [KL14] following the work of Hedden, Livingston, and Ruberman [HLR12] that Coker ψ 2010 Mathematics Subject Classification. 57N13, 57M27, 57N70, 57M25.
contains a subgroup isomorphic to Z ∞ ⊕Z ∞ 2 (see also [HKL16, GL18] ). In fact, examples from [HLR12, KL14, HKL16] bound topological Q-homology balls. The first author and Larson in [AL17] showed that the intersection of the image of ψ and L is trivial, which immediately implies that Coker ψ contains a subgroup isomorphic to Z ∞ ⊕ Z ∞ 2 . We recover this fact as an easy corollary of Theorem 1.1.
Corollary 1.2 ([AL17]
). Let ψ : Θ 3 Z → Θ 3 Q be the homomorphism induced by the inclusion. Then ψ(Θ 3 Z ) ∩ L = 0. In particular, Coker ψ contains a subgroup isomorphic to Z ∞ ⊕ Z ∞ 2 . We also have a characterization of the intersection of the image of ψ p and L for any prime p. Note that the subgroup generated by lens spaces L(r, s) with gcd(r, p) = 1 is contained in the intersection of ψ p (Θ 3 Zp ) and L.
Corollary 1.3. For any prime p, let ψ p : Θ 3 Zp → Θ 3 Q be the homomorphism induced by the inclusion. Then
Zp ) ∩ L = {L(r, s) | gcd(r, p) = 1} . As a consequence, Coker ψ p contains a subgroup isomorphic to Z ∞ if p ≡ 3 (mod 4) and Z ∞ ⊕ Z ∞ 2 otherwise. We remark that on a similar note S. Kim and Livingston [KL14] showed that the cokernel of Φ :
→ Θ 3 Q contains a subgroup isomorphic to Z ∞ ⊕ Z ∞ 2 . Let C be the smooth knot concordance group. For any prime p and positive integer r, the p r -fold cyclic branched cover of a knot K, denoted by Σ p r (K), is a Z p -homology sphere. If K is smoothly slice then Σ p r (K) bounds a Z p -homology ball [CG78, CG86] . Moreover, it is easy to see that the p r -fold cyclic branched cover of the connected sum of two knots is the same as the connected sum of their p r -fold cyclic branched covers. Hence we get a homomorphism β p r : C → Θ 3 Q defined by taking the p r -fold cyclic branched cover. In fact, β p r factors through ψ p as follows.
Since the image of β p r is contained in the image of ψ p , we get the following immediate corollary. Note that the kernel of β p r was also studied in [AL17] (see also [CH81] ).
Corollary 1.4. For any prime p and positive integer r, Coker β p r contains a subgroup isomorphic to Z ∞ if p ≡ 3 (mod 4) and Z ∞ ⊕ Z ∞ 2 otherwise. Note that by considering the linking form of Q-homology spheres we get a homomorphism Θ 3 Q → W (Q/Z), where W (Q/Z) is the Witt group of nonsingular Q/Z-valued linking forms on finite abelian groups. Let K be the kernel of this map. Conjecturally every element in K bounds a topological Q-homology ball (see [KL14] ). It is well known that W (Q/Z) is isomorphic to Z ∞ 2 ⊕ Z ∞ 4 . In particular, each infinite rank subgroup we found in Corollaries 1.2, 1.3, 1.4 can be taken to be a subgroup of K.
In [KL14] , it is shown that for any square-free and relatively prime positive integers p and q, there is no Q-homology cobordism from L(pq, 1) to a connected sum Y 1 #Y 2 , where H 1 (Y 1 ; Z) = Z p and H 1 (Y 2 ; Z) = Z q . Using Theorem 1.1, we can show that the same conclusion holds with a different assumption (see Proposition 5.1 for a more general statement). More generally, we can consider a filtration of Θ 3 Q , and study the quotient of each stage. The proof of the next result follows almost directly from Theorem 1.1 and [Lis07b] . Corollary 1.6. Let O n be the subgroup of Θ 3 Q defined as follows: O n := {Y | H 1 (Y ; Z) does not have any element of order p n+1 for each prime p} .
Then O n+1 /O n contains a subgroup isomorphic to Z ∞ ⊕ Z ∞ 2 for each positive integer n. Recall that the branched double cover of a 2-bridge knot is a lens space. Moreover, the determinant of a knot is the order of the first integral homology group of its branched double cover. The following corollary is an analogue of Theorem 1.1 in the context of knot concordance, stating that suitable connected sums of 2-bridge knots minimize the determinant in their concordance classes.
Corollary 1.7. Any smooth concordance class in the subgroup generated by 2-bridge knots is represented by a connected sum of 2-bridge knots K such that if J is concordant to K, then det(K) divides det(J). Moreover, as a connected sum of 2-bridge knots K is uniquely determined up to isotopy.
The first author and Alfieri [AA17] considered the problem of when a connected sum of two torus knots is concordant to an alternating knot. They show that if T p,q # − T p ′ ,q ′ is concordant to an alternating knot, then either T p,q and T p ′ ,q ′ are alternating knots, or their difference is of the form T 3,6n+1 # − T 3,6n+2 . Using Corollary 1.7, we can provide a complete answer if we restrict ourselves to 2-bridge knots (recall that every 2-bridge knot is alternating). Corollary 1.8. Let T p,q and T p ′ ,q ′ be two distinct torus knots. Then T p,q # − T p ′ ,q ′ is concordant to a connected sum of 2-bridge knots if and only if T p,q and T p ′ ,q ′ are 2-bridge knots.
In a different direction, knot Floer homology [OS04, Ras03] has been a useful tool in obstructing manifolds that are obtained from Dehn surgery on knots from being lens spaces [Ras04, Ras07, BGH08, Gre13, Gre15] . As a consequence of Theorem 1.1 we show a similar result for the Q-homology cobordism class of such manifolds. Below, V 0 and ν + are the concordance invariants introduced respectively in [Ras03] and [HW16] . Theorem 1.9. Let p be prime and
By restricting to prime integer surgeries on knots we get a better lower bound and an upper bound on the surgery coefficients. Note that Rasmussen [Ras04] showed that if a non-trivial knot admits a lens space surgery of slope p, then p ≤ 4g 3 (K) + 3, where g 3 is the Seifert genus. The following result should be thought of as the concordance analogue of [Ras04, Theorem 1]. We denote by g 4 (K) the slice genus of a knot K. Theorem 1.10. Let p be prime and K a knot with ν
Recall that for L-space knots it follows from [OS05, Corollary 1.6] that g 3 = g 4 , so the right-most inequality coincides with Rasmussen's bound in this case. The right inequality is sharp for all (2, 2k + 1)-torus knots, and the left inequality is sharp for the (2, 3)-torus knot.
Using Theorem 1.9 and Theorem 1.10, we exhibit infinitely many irreducible L-spaces not Q-homology cobordant to any connected sum of lens spaces (see Corollary 6.8 and Corollary 6.12).
The results described in Theorem 1.1 suggest the following question. 
Theorem 1.1 provides a positive answer for the classes in L. It seems likely that this is a special property of the subgroup L, and we think it would be interesting to find a class in Θ 3 Q that gives a negative answer to Question 1.11. One way to do this would be to exhibit two Q-homology cobordant Q-homology spheres Y 1 and Y 2 , such that the orders of their first integral homology groups are relatively prime, and there exists no Z-homology sphere in the same Q-cobordism class.
Organization of the paper. In Section 2, we recall some results from [Lis07b] , and state some consequences; we then use them to give a more precise statement for the first part of Theorem 1.1. Section 3 contains some preliminaries and technical results on integral lattices. The proof of Theorem 1.1 is concluded in Section 4. In Section 5, we state a non-splittability result for lens spaces (Proposition 5.1) and prove the corollaries stated in the introduction. Finally, in Section 6, we prove Theorems 1.9 and 1.10, and describe some of their consequences.
Notation and conventions. In this paper, every 3-manifold is smooth, connected, closed, and oriented. All 4-manifolds are smooth, connected, compact, and oriented. We indicate with −M the manifold M with reversed orientation and −K the knot obtained by taking the mirror image of K with the reversed orientation. The connected sum of n copies of a manifold M is denoted by nM and the connected sum of n copies of a knot K is denoted by nK. 
The lens space subgroup
Recall that if gcd(p, q) = 1, the lens space L(p, q) is the result of −p/q Dehn surgery on the unknot. Up to orientation preserving diffeomorphism, we may assume that p > q > 0. Moreover, there is an orientation preserving diffeomorphism between −L(p, q) and L(p, p − q). We now recall Lisca's classification of lens spaces up to Q-homology cobordism. In [Lis07a] the author defines a certain subset R ⊂ Q >0 . In [Lis07b] the following family of subsets is introduced.
With this notation in place we can state the main result from [Lis07b] .
Theorem 2.1 ([Lis07b]).
A connected sum of lens spaces bounds a Q-homology ball if and only if each summand is (possibly orientation-reversing) diffeomorphic to one of the following
Theorem 1.1 guarantees the existence of a special representative contained in any given class of L. In order to characterize such elements, we introduce the following definition.
Definition 2.2. A connected sum of lens spaces is said to be reduced if the following conditions are satisfied.
(1) there is no summand L(p, q) with p/q ∈ R; (2) there is no summand of the form 
Proof. Let L be a connected sum of lens spaces Q-homology cobordant to Y . Whenever there is a summand L(p, q) with p/q ∈ F n (resp. p/(p − q) ∈ F n ), we can replace it with L(n, 1) (resp. L(n, n − 1)) by using the relation (4) from Theorem 2.1. Further, by using relations (1) and (2) from Theorem 2.1, it is clear that L is Q-homology cobordant to some reduced connected sum of lens spaces.
Suppose now that L 1 and L 2 are reduced connected sum of lens spaces and that
bounds Q-homology ball, and by Theorem 2.1, together with the fact that L 1 and L 2 are reduced, it is easy to see that L 1 # − L 2 can be decomposed as a connected sum where each summand is of the form L(p, q)#L(p, p−q). Then it is clear that there is a orientation preserving diffeomorphism between L 1 and L 2 .
Lastly, suppose L is a non-reduced connected sum of lens spaces Q-homology cobordant to L Y . Then, by the uniqueness of the reduced form we can apply the reduction process as described above to obtain L Y from L. The proof is completed by noting that each step strictly decreases the order of the first integral homology.
We call a lens space amphicheiral if it is orientation preserving diffeomorphic to its inverse, and chiral otherwise. The following proposition follows easily from Theorem 2.1 and Definition 2.2. Proposition 2.5. There is an isomorphism
. A basis is given by the set of reduced lens spaces. Moreover, the Z ∞ 2 summand is generated by reduced amphicheiral lens spaces.
Using the above basis we can compute the following quotients of L.
Proposition 2.6. Let p be a prime, and L p = L/ {L(r, s) | gcd(r, p) = 1} . Then there is an isomorphism
Proof. By Proposition 2.4 the subgroup generated by the lens spaces L(r, s) such that gcd(r, p) = 1 is isomorphic to the subgroup generated by reduced lens spaces L(r, s) where gcd(r, p) = 1. Then by Proposition 2.5, the diffeomorphism classes of reduced lens spaces L(p, q) with gcd(r, p) = 1 provide a basis for L p . This quotient has a Z ∞ summand since there are infinitely many reduced chiral lens spaces L(r, s) where gcd(r, p) = 1 (for instance, we can choose the family {L(p i , 1)} i>2 ).
Recall that the lens space L(r, s) is amphicheiral if and only if s 2 ≡ −1 (mod r). When gcd(r, p) = 1, the equation s 2 ≡ −1 (mod r) implies that s 2 ≡ −1 (mod p). Moreover −1 is a quadratic residue modulo p if and only if p ≡ 1 (mod 4) or p = 2. Hence when p ≡ 3 (mod 4), there is no reduced amphicheiral lens space L(r, s) where gcd(r, p) = 1, and we obtain the isomorphism
On the other hand, when p ≡ 1 (mod 4) or p = 2, there are infinitely many such lens spaces, and we present a family for each case as follows. We first find an infinite family when p ≡ 1 (mod 4). Let k be an even integer such that p > k > 0 and k 2 ≡ −1 (mod p). Let r m = (2mp + k)
2 + 1 and s m = 2mp + k and consider the family of amphicheiral lens spaces {L(r m , s m )} m≥1 . Since k 2 ≡ −1 (mod p), we have gcd(r m , p) = p. We need to show that each lens space in this family is reduced by checking that conditions (1), (2), and (3) from Definition 2.2 are satisfied.
Recall that the lens space L(r, s) bounds a Q-homology ball if and only if r/s ∈ R [Lis07a] (see also Theorem 2.1). Furthermore, if a Q-homology sphere bounds a Q-homology ball, then the order of the first integral homology is a square [CG78] . Condition (1) is satisfied since r m is not a square of an integer and hence r m /s m ∈ R; (2) is automatically satisfied since we are only considering a single lens space. For (3), we need to make sure that r m /s m and r m /(r m − s m ) are not contained in F n for any n. If r/s ∈ F n (resp. r/(r − s) ∈ F n ), then L(r, s) is Q-homology cobordant to L(n, 1) (resp. L(n, n − 1) ∈ F n ) by Theorem 2.1. Then we see that r m /s m and r m /(r m − s m ) are not contained in F n for n = 2, 4, since both L(n, 1) and L(n, n − 1) have infinite order in Θ 3 Q by Proposition 2.3 and Proposition 2.5. For n = 2, note that r m is an odd integer but the order of the first integral homology of any Q-homology sphere that is Q-homology cobordant to L(2, 1) is divisible by 2. Lastly, for n = 4, recall that L(4, 1) and L(4, 3) bound a Q-homology ball, and we have already seen that r m /s m ∈ R.
When p = 2, let r m = (8m + 3) 2 + 1 and s m = 8m + 3, and consider the family of amphicheiral lens spaces {L(r m , s m )} m≥1 . It is easy to check that gcd(r m , 2) = 2, and using the same argument as before, we see that conditions (1) and (2) from Definition 2.2 are satisfied for each L(r m , s m ). Finally, for (3) note that L(r m , s m ) is not Q-homology cobordant to L(n, 1) for any n since 2L(r m , s m ) bounds a Q-homology ball, and neither r m nor 2r m is a square. This completes the proof.
Using Theorem 2.1 we obtain an isomorphism between the subgroup of C generated by 2-bridge knots and the subgroup of L generated by odd lens spaces. We denote by K(p, q) the unique 2-bridge knot such that Σ 2 (K(p, q)) = L(p, q).
Proposition 2.7. Let B be the subgroup of C generated by 2-bridge knots. Then there exists an isomorphism β 2 B : B → {L(r, s) | r is odd} where β 2 : C → Θ 3 Q is the homomorphism defined by taking the 2-fold cyclic branched cover.
Proof. We only need to show that β 2 B is injective. 
The next theorem is a more precise statement for the first part of Theorem 1.1. We prove this in Section 4. We use the terminology from Definition 2.2. 
We give a proof of Theorem 1.1 assuming Theorem 2.8. 
Lattices
An integral lattice is a pair (G, Q) , where G is a finitely generated free abelian group and Q is a Z-valued symmetric bilinear form defined on G. We indicate with (Z N , − Id) the integral lattice with the standard negative definite form. A morphism of integral lattices is a homomorphism of abelian groups which preserves the form. We say that two integral lattices are isomorphic, if there exists a bijective morphism between them. To any given 4-manifold X we can associate the integral lattice (H 2 (X; Z)/Tors, Q X ), where Q X is the intersection form on X.
Any lens space L(p, q) arises as the boundary of a canonical negative definite plumbed 4-manifold P (p, q), which can be described by the plumbing graph
where the a i 's are uniquely determined by the conditions a i ≥ 2 and
We denote the integral lattice associated with P (p, q) as (ZΓ p,q , Q p,q ), and call it the integral lattice associated with L(p, q). Since −L(p, q) ∼ = L(p, p−q), we also obtain a dual negative definite integral lattice (ZΓ p,p−q , Q p,p−q ) associated with L(p, p − q). We can extend the above terminology to connected sums of lens spaces. Given # n i=1 L(p i , q i ), the corresponding plumbed 4-manifold is the boundary connected sum
We now recall some definitions and results from [Lis07a, Lis07b] . Suppose we are given a morphism
is generated by the vertices of its corresponding plumbing graph v 1 , . . . , v N ∈ Z N . Using the same notation for their image in Z N , we obtain a subset S := {v 1 , . . . , v N } ⊂ Z N . Most of the technical results from [Lis07a, Lis07b] deal with specific properties of such subsets. Moreover, the main technical ingredient for the proof of Theorem 2.8 will also be stated in terms of these special subsets. This should justify the following abstract definitions from [Lis07a, Lis07b] .
A subset S = {v 1 , . . . , v N } ⊂ Z N is said to be linear, if for i, j ∈ {1, . . . , N },
for some integers a i , i = 1, . . . , N . Clearly, a subset S ⊂ Z N is linear if and only if it is obtained from a morphism as in (3.1). In particular, elements of S correspond to vertices of a plumbing graph. The quantity c(S) denotes the number of connected components of the associated linear graph. Also, recall the following definition
An element v i ∈ S is said to be final if the corresponding vertex has valence one. The standard basis of (Z N , − Id) is denoted by {e 1 , . . . , e N }. We say that e i hits v ∈ Z N (or that v hits e i ) if e i · v = 0. Clearly, every subset S ⊂ Z N can be written uniquely as the disjoint union of its irreducible components.
Given e i , v ∈ Z N , we define π i (v) := v + (v · e i )e i to be the projection of v in the sub-lattice orthogonal to e i . Definition 3.2. Let S = {v 1 , . . . , v N } ⊂ Z N be a linear subset such that |v i · e j | ≤ 1 for each i, j ∈ {1, . . . , N }. Suppose there exist 1 ≤ h, s, t ≤ N such that e h hits only v s and v t and v t · v t < −2. Then, we say that the subset S ′ ⊆ e 1 , . . . , e h−1 , e h+1 , . . . , e N ∼ = Z N −1 defined by
is obtained from S by a contraction, and we write S ց S ′ . We also say that S is obtained from S ′ by an expansion, and we write S ′ ր S. If v s and v t are both final and v s · v s = −2, we say that S ′ is obtained from S by a −2-final contraction and S is obtained from S ′ by a −2-final expansion.
Our first step is to show that subsets originating from reduced connected sums of lens spaces can be described using only −2-final expansions.
be a reduced connected sum of lens spaces. Then there exists a morphism
where
. Moreover, the subset S associated with any such morphism can be decomposed as S = S 1 ∪ . . . ∪ S n where each S i is irreducible and corresponds to a morphism
Finally, each S i is obtained from the subset {e 1 + e 2 , e 1 − e 2 } ⊂ Z 2 via a sequence of −2-final expansions.
Proof. The first assertion follows from a standard argument, which we sketch below. Since
. By Donaldson's diagonalization theorem [Don87] the smooth closed 4-manifold X ′ = X ∪ L −W has standard negative definite intersection form. The inclusion X ֒→ X ′ induces the desired morphism of integral lattices (see also [Lis07a] ).
From the above morphism we obtain a linear subset S ⊂ Z N . We claim that S has no bad components, i.e. b(S) = 0 (see [Lis07a, Lis07b] for the definition of a bad component). In fact, it follows from [Lis07b, Lemma 3.2] that a bad component corresponds to a lens space summand L(p, q) with p/q ∈ F n for some n ≥ 2. Since we are assuming that # n i=1 L(p i , q i ) is reduced such summands do not occur. We can decompose S as the disjoint union of its maximal irreducible components S = ∪ k i=1 T i . It follows from [Lis07a, Lemma 2.7] that I(S) = −2n. Since I(S) = Σ k i=1 I(T i ) and k ≤ 2n, there exists T i for some i such that I(T i ) < 0. Moreover, since b(S) = 0, we see that b(T i ) = 0. It then follows from [Lis07b, Proposition 4.10] that c(T i ) ≤ 2. It is implicit in [Lis07a] (see also [AG17, Lemma 4.3]) that if c(T i ) = 1 and I(T i ) < 0 then the corresponding lens space bounds a Q-homology ball. Since, we are assuming that # n i=1 L(p i , q i ) is reduced, this is not possible, and we conclude that c(T i ) = 2. Now, the argument given in the proof of the main theorem in [Lis07b] (more specifically the first subcase of the first case) applies to T i . In particular, [Lis07b, Lemma 4.7] can be applied to T i , and we see that T i is obtained from the subset {e 1 +e 2 , e 1 −e 2 } ⊂ Z 2 via a sequence of −2-final expansions and the corresponding connected sum of lens spaces is of the form L(p i , q i )#L(p i , p i − q i ).
Finally, note that
We can now iterate the whole argument replacing S with S \ T i . Hence the conclusion follows.
Let Γ be a sublattice of an integral lattice Γ ′ . Then the orthogonal complement of Γ in Γ ′ is defined as follows,
For any S ⊂ Z N , the sublattice generated by S is denoted by S .
Lemma 3.4. Let S ⊂ Z N be a linear subset obtained from the subset {e 1 + e 2 , e 1 − e 2 } ⊂ Z 2 via a sequence of −2-final expansions. Write S = S 1 ∪ S 2 where each S i corresponds to a connected component of the graph associated to S. Then
Proof. We proceed by induction on the number of −2-final expansion. If S = {e 1 + e 2 , e 1 − e 2 }, then we can set S 1 = {e 1 + e 2 } and S 2 = {e 1 − e 2 }. Now suppose (3.2) holds for some subset S ⊂ Z N with S = S 1 ∪ S 2 . Let S ′ ⊂ Z N +1 be a subset obtained from S via a single −2-final expansion. Write S ′ = S ′ 1 ∪ S ′ 2 , where S ′ i corresponds to a connected component of the graph associated to S ′ . We may assume without loss of generality that |S ′ 1 | = |S 1 | and |S ′ 2 | = |S 2 | + 1. By abuse of notation we can think of S = S 1 ∪ S 2 as a subset of Z N +1 . By definition of −2-final expansion, there exist two elements w ′ ∈ S ′ 1 and v ′ ∈ S ′ 2 such that w ′ = w + e N +1 for some w ∈ S 1 and v ′ = e N + εe N +1 where ε = w · e N . Note that ε is either 1 or −1. Moreover, e N only hits three vectors in S ′ namely, w ′ , v ′ , and one more vector in S ′ 2 . First, we prove that
⊥ , then we can write x = x + a N +1 e N +1 where x · e N +1 = 0. Let y = x − ε( x · w)e N , so that
Here we used the fact that x · w ′ = 0 which implies that a N +1 = x · w. Since, v ′ ∈ S ′ 2 , it is enough to show that y ∈ S ′ 2 . In fact, we show that y ∈ S 2 . Note that by the inductive hypothesis and the fact that y is a linear combination of {e 1 , . . . , e N }, it is enough to show that y · z = 0 for all z ∈ S 1 . Clearly, y · w = 0. Let z ∈ S 1 \ {w} and note that z is also an element of S ′ 1 , in particular e N and e N +1 do not hit z. Then we see that
⊥ , then we can write x = x + a N +1 e N +1 where x · e N +1 = 0. Since S 2 ⊂ S ′ 2 , and each vector in S 2 does not hit e N +1 , we see that x · z = 0 for all z ∈ S 2 . By the inductive hypothesis x ∈ S 1 . Now, we can write x = x + cw where x ∈ S 1 \ {w} . Since
we have c = a N +1 . It follows that x can be written as a linear combination of two elements of S ′ 1 , namely,
This concludes the proof.
Proof of Theorem 2.8
In this section we prove Theorem 2.8. Our main ingredient is the following proposition.
Proposition 4.1. Let L be a reduced connected sum of lens spaces, and P be the canonical negative definite plumbed 4-manifold associated to it. Let Y be a Q-homology sphere which is Q-homology cobordant to L via a cobordism W . Finally, let X := P ∪ L W . Then the integral lattices (H 2 (P ; Z), Q P ) and (H 2 (X; Z), Q X ) are isomorphic.
Proof. Let us write
. Let P * be the canonical negative definite plumbing associated to −L and let
Moreover the inclusion P * ֒→ X induces a morphism
By abuse of notation we will identify all these lattices with their image in the standard lattice. Clearly, (H 2 (X; Z), Q X ), viewed as a sublattice of Z N is contained in
In order to conclude the proof it is enough to show that
Let S be the corresponding linear subset. By Proposition 3.3, we can write Z N = Z m 1 ⊕ · · · ⊕ Z mn and decompose the above morphism as follows
S i and by Proposition 3.3 each S i is obtained from the subset {e 1 + e 2 , e 1 − e 2 } ⊂ Z 2 via a sequence of −2-final expansions.
, then we can write x = x 1 + · · · + x n , where
which concludes the proof.
Proof of Theorem 2.8. Let P be the canonical negative definite plumbing associated to L Y . Let W be a Q-homology cobordism from Y to L Y and let X := P ∪ L W . Then by Proposition 4.1 the integral lattices (H 2 (P ; Z), Q P ) and (H 2 (X; Z), Q X ) are isomorphic. By abuse of notation, Q P (respectively Q X ) denotes the matrix representation of the intersection paring on H 2 (P ; Z) (respectively H 2 (X; Z)/Tors). Note that Q P gives a presentation matrix for H 1 (L Y ; Z). In particular, we have
where N = rk(H 2 (P ; Z)) = rk(H 2 (X; Z)/Tors). Now we claim that there exists an injection
To prove the claim we follow Owens and Strle's argument from [OS06, Section 2]. Consider the following exact sequence of the pair (X, Y ) with integral coefficients,
where T 1 and T 2 are torsion subgroups. We can choose bases for the free part of H 2 (X; Z) and H 2 (X, Y ; Z) so that
where τ : T 2 ֒→ T 1 is an injection. Then it can be easily checked that there exists an injection from Z N /Q X (Z N ) to H 1 (Y ; Z)/T induced by φ, where T = φ(T 1 ). Finally, we leave it to the reader to verify that if G and G ′ are finite abelian groups, such that there exists a surjection from G to G ′ , then there exists an injection from G ′ to G. In particular, there exists an injection This section contains the proofs of some of the corollaries of Theorem 1.1 stated in the introduction, together with some other related results. We first prove that the natural maps mentioned in the introduction have infinitely generated cokernels.
Proof of Corollary 1.2. Let Y be an integral homology sphere that is contained in L. By Theorem 1.1 there exists a connected sum of lens spaces L such that H 1 (L; Z) injects into H 1 (Y ; Z) = 0. It follows that H 1 (L; Z) = 0 and L = S 3 . The second part of the corollary easily follows since L injects into Coker ψ, and it follows from Proposition 2.5 that
Zp ) ∩ L. Then by Theorem 1.1 there exists a connected sum of lens spaces L such that H 1 (L; Z) injects into H 1 (Y ; Z). In particular, the order H 1 (L; Z) divides the order of H 1 (Y ; Z). This implies that L is a connected sum of lens spaces such that each summand has no p-torsion in the first integral homology group. The second part of the corollary follows from Proposition 2.6. Now we prove the divisibility condition for knots concordant to a connected sum of 2-bridge knots.
Proof of Corollary 1.7. Let J ′ be a knot that is concordant to a connected sum of 2-bridge knots. It follows that the double branched cover Σ 2 (J ′ ) is Q-homology cobordant to a connected sum of lens spaces. By Theorem 1.1, there exists a connected sum of lens spaces L, such that if Y is Q-homology cobordant to L, then there is an injection
Therefore L is the double branched cover of a connected sum of 2-bridge knots, say K. It follows from Proposition 2.7 that a connected sum of 2-bridge knots is slice if and only if its branched double cover bounds a Q-homology ball.
This implies that K is concordant to J ′ . Now, suppose that J is concordant to K, then the double branched cover
Finally, suppose there is a connected sum of 2-bridge knots K ′ that is concordant to K satisfying the same property. Then it is clear from the property of L that H 1 (L; Z) ∼ = H 1 (Σ 2 (K ′ ); Z). Then by Theorem 1.1 there is an orientation preserving diffeomorphism from L = Σ 2 (K) to Σ 2 (K ′ ). This implies that K and K ′ are isotopic.
We characterize which connected sums of two torus knots are concordant to a connected sum of 2-bridge knots.
Proof of Corollary 1.8. By [AA17, Corollary 1.5] we only need to show that T n := T 3,6n+1 # − T 3,6n+2 is not concordant to a connected sum of 2-bridge knots for any n ≥ 1. Suppose it is, then by Corollary 1.7 there exists a connected sum of 2-bridge knots K concordant to T n and such that det(K) divides det(T n ) = 3. This implies that K is either the unknot, T 2,3 , or −T 2,3 . This is not possible since torus knots are linearly independent [Lit79] .
We can now state and prove a more general version of Corollary 1.5. Note that the hypothesis of our result and those from [KL14] are disjoint. In the next proposition, the case (a, b) = (2, 2) has to be excluded since L(4, 1) is Q-homology cobordant to L(2, 1)#L(2, 1). Proof. Suppose that L(ab, r) is Q-homology cobordant to Y 1 #Y 2 , where H 1 (Y 1 ; Z) = Z a and H 1 (Y 2 ; Z) = Z b . By Theorem 2.8 there is an injection
This is not possible unless a and b are relatively prime. By Proposition 2.3, L(n, 1) is a reduced lens space for each n = 4, and the second part of the statement follows.
We end this section by proving Corollary 1.6, which is a generalization of Proposition 5.1.
Proof of Corollary 1.6. Let {p i } i≥1 be an infinite family of primes where p i = 5 and p i ≡ 1 (mod 4) for each i. Consider the family of chiral lens spaces {L(p n+1 i , 1)} i≥1 and amphicheiral lens spaces {L(5p
). Note that such k i 's exist since we are assuming p i ≡ 1 (mod 4) for each i.
We claim that any linear combination of the form
is reduced. It is straightforward to see that condition (2) from Definition 2.2 is satisfied by construction.
(1) and (3) are also satisfied for the first summand by Proposition 2.3. Since 5p
is not a square, (1) is satisfied for the second summand. Finally, observe that L(5p n+1 i , k i ) is not Q-homology cobordant to L(n, 1) for any n, since 2L(5p n+1 i , k i ) bounds a Q-homology ball and neither 5p n+1 nor 10p n+1 is a square, and therefore condition (3) holds.
Each element from {L(p n+1 i
, 1)} i≥1 and {L(5p
. Then the proof is completed by observing that any linear combination of the form shown in (5.1) cannot be Q-homology cobordant to any element in O n by Theorem 2.8.
Obstructions from knot Floer homology
Theorem 1.1 gives a strong restriction for Q-homology spheres to be contained in L. In this section, we give further restrictions, by combining Theorem 1.1 with obstructions coming from Heegaard Floer homology.
In order to prove Theorem 1.9, we need a few technical results. For a Q-homology sphere Y , we denote by λ(Y ) its Casson-Walker invariant [Wal92] .
Lemma 6.3. Let p > q > 0 be relatively prime integers, then
Proof. It is straightforward to check that the inequality holds for p = 2 and p = 3. Suppose p ≥ 4. If q ∈ {1, 2, 3}, it follows from Proposition 6.2 that λ(L(p, 1)) ≤ λ(L(p, q)). When q ∈ {1, 2, 3}, by direct computation using Proposition 6.1 we get λ(L(p, 1)) ≤ λ(L(p, q)) for all q. Then the conclusion follows, since λ(Y ) = −λ(−Y ).
Given a Q-homology sphere Y and s ∈ Spin c (Y ), there is an associated spin c Qhomology cobordism invariant d(Y, s) ∈ Q, called the correction term [OS03] . The Casson-Walker invariants of lens spaces can be computed using correction terms as follows.
where the sum runs over all spin c structures on L(p, q).
Recall that given a knot K ⊂ S 3 , there is an associated sequence of non-negative integers {V i (K)} i≥0 , introduced by Rasmussen [Ras03] . Each V i is a smooth concordance invariant. Here we state some key properties of this sequence. Here we are using the identification of Spin c (S 3 p/q (K)) → Z p given in [OS11] , and U denotes the unknot.
Proposition 6.6 ([Ras03, Proposition 7.6]). For each i ≥ 0,
Another related concordance invariant ν + ∈ Z ≥0 was defined in [HW16] ; it has the following property. Proof of Theorem 1.9. Assume that nS 3 p/q (K) ∈ L for some positive integer n. Then by Theorem 1.1, nS 3 p/q (K) ∈ L is Q-homology cobordant to a reduced connected sum # n ′ i=1 L(p, q i ) for some integers n ′ and q i , where n ′ ≤ n. When p = 2, Equation (6.1) simplifies to V 0 (K) + V 1 (K) = 0, and this implies that V 0 (K) = 0. We can now assume that p is odd. Using Proposition 6.6, it is straightforward to verify the following inequality Combining the above inequality, together with the fact that n ′ ≤ n, Equation (6.1), and Lemma 6.3, we get pλ(L(p, p − 1)) ≥ pV 0 (K) − p 2 − 1 4 .
Note that by Proposition 6.1, λ(L(p, p − 1)) = The conclusion follows from Proposition 6.7 and the fact that {V i (K)} i≥0 is a sequence of non-negative integers.
A Q-homology sphere Y is called an L-space if rk HF (Y ) = |H 1 (Y ; Z)|. It is known that all lens spaces are L-spaces. Examples of L-spaces which are not lens spaces include the Poincaré homology sphere, and branched double covers over alternating, non 2-bridge knots. Let L ′ be the subgroup generated by L-spaces in Θ 3 Q . It is natural to ask whether the quotient L ′ /L is infinitely generated. It follows from [AL17] (see Corollary 1.2), that the Poincaré homology sphere represents a non-trivial element in this quotient. Using Theorem 1.9, we exhibit infinitely many examples of irreducible L-spaces, each having infinite order in L ′ /L. Corollary 6.8. For any prime p, S 3 p/p−1 (T 2,3 ) is an irreducible L-space that has infinite order in L ′ /L.
